Abstract. Let X be a weighted projective line and coh X the associated categoy of coherent sheaves. We classify the tilting complexes T in D b (coh X) such that τ 2 T ∼ = T , where τ is the Auslander-Reiten translation in D b (coh X).
Introduction
Let X be a weighted projective line over an algebraically closed field and
be the Auslander-Reiten translation in the bounded derived category of coh X, see [12] for definitions. The following objects, which are closely related to each other, are classified in this article: (a) The τ 2 -stable tilting complexes in D b (coh X), (b) the 2-representation-finite algebras which are derived equivalent to coh X and (c) the selfinjective cluster-tilted algebras of canonical type. The interest in classifying the objects above has its origin in higher AuslanderReiten theory which was introduced by Iyama in [20] . As the name suggests, it is a higher-dimensional analog of classical Auslander-Reiten theory for finite dimensional algebras. Higher Auslander-Reiten theory can be developed in distinguished subcategories of mod Λ, nowadays called n-cluster-tilting subcategories. A subcategory M of mod Λ is an n-cluster-tilting subcategory if M = N ∈ mod Λ | Ext One of the most remarkable features of higher Auslander-Reiten theory is the existence of a functor τ n : M → M together with a natural isomorphism Ext n Λ (X, Y ) ∼ = DHom Λ (Y, τ n X) for all X, Y ∈ M, which is a higher analog of usual Auslander-Reiten duality.
The simplest class of algebras which have an n-cluster-tilting subcategory are the so-called n-representation-finite algebras, which where introduced by Iyama and Oppermann in [21] . A finite dimensional algebra Λ is said to be n-representationfinite if Λ has global dimension n and there exists a Λ-module M such that add M is an n-cluster-tilting subcategory (in this case M is called a n-cluster-tilting module). For example, 1-representation-finite algebras are precisely representationfinite hereditary algebras. In this sense, n-representation-finite algebras may be regarded as a higher analog of representation-finite hereditary algebras.
Now we explain what are the objects that we classify in this article, and how do they relate to each other. The 1-representation-finite algebras were classified by Gabriel in [11] : they are precisely the algebras which are Morita-equivalent to the path algebras of quivers whose underlying graph is a Dynkin diagram of simplylaced type. It is then natural to study 2-representation-finite algebras. Important structural results regarding 2-representation finite algebras in terms of selfinjective quivers with potential have been obtained by Herschend and Iyama in [19] where they also have provided large classes of examples of such algebras. Following [16] , we say that a finite dimensional algebra is piecewise hereditary if it is derived equivalent to a hereditary category H or, equivalently, if it is isomorphic to the endomorphism algebra of a tilting complex in D b (H). From a homological point of view, the simplest kind of 2-representation-finite algebras are the ones which are piecewise hereditary.
By a celebrated result of Happel [15, Thm. 3.1] , it is known that there are only two kinds of hereditary categories (satisfying suitable finiteness conditions) which have a tilting object: the ones which are derived equivalent to mod H where H is a finite dimensional hereditary algebra, and the ones which are derived equivalent to coh X where X is a weighted projective line. We distinguish between piecewise hereditary algebras as follows: We say that a finite dimensional algebra Λ is iterated tilted if mod Λ is derived equivalent to mod H where H is a finite dimensional hereditary algebra. Similarly, we say that Λ is derived-canonical if mod Λ is derived equivalent to coh X for some weighted projective line X.
Taking advantage of Ringel's classification of the selfinjective cluster-tilted algebras [28] , the 2-representation-finite algebras which are iterated tilted were classified by Iyama and Oppermann in [22, Thm. 3.12] . Note that these algebras are derived equivalent to representation-finite hereditary algebras whose underlying quiver is of Dynkin type D. In particular, there are no 2-representation-finite algebras which are derived equivalent to a tame or wild hereditary algebra.
The following result is the main result of this article. It gives a classification of the 2-representation-finite derived canonical algebras, and thus complements Iyama-Oppermann's classification [22, Thm. 3.12] . Theorem 1.1 (see Theorem 3.6). The complete list of all basic 2-representationfinite derived-canonical algebras is given in Figures 1.1, 1.2 and 1.3. In this case, the corresponding weighted projective line has tubular type (2, 2, 2, 2; λ), (2, 4, 4) or (2, 3, 6) .
Note that there are no 2-representation-finite algebras which are derived equivalent to coh X for a weighted projective line X of wild type. It is important to note that in the case (2, 2, 2, 2; λ) all derived-canonical algebras are 2-representationfinite. The classification of all derived-canonical algebras of type (2, 2, 2, 2; λ) is known, see for example Skowroński [29, Ex. We mention that there exist a notion of 2-APR-(co)tilting, which is a higher analog of classical APR-(co)tilting, and that it preserves 2-representation-finiteness, Let τ :
1 is a consequence of the following result, which gives a classification of the τ 2 -stable tilting sheaves over a weighted projective line. Theorem 1.2 (see Theorem 3.7). Let X be a weighted projective line and T a basic tilting complex in
The basic 2-representation-finite derived-canonical algebras of type (2, 4, 4) . Thick lines indicate 2-APR-(co)tilting. The algebras that arise as endomorphism algebras of tilting sheaves in coh X are enclosed in a frame.
is isomorphic to one of the algebras in Figures 1.1, 1.4 and 1.5. Moreover, this determines T up to an autoequivalence of D b (coh X). In this case, the corresponding weighted projective line has tubular type (2, 2, 2, 2; λ), (2, 4, 4) or (2, 3, 6) .
A finite dimensional algebra is cluster-tilted of canonical type if it is isomorphic to the endomorphism algebra of a cluster-tilting object in the cluster category C X associated to a weighted projective line X, see Section 2.4 for definitions.
By results of Keller [23] and Amiot [1] , the basic cluster-tilted algebras of canonical type are 3-preprojective algebras of basic derived canonical algebras of global dimension at most 2. Moreover, they are Jacobian algebras of quivers with potential, see Section 2.4. As a consequence of Theorem 1.1, we obtain a classification of the selfinjective cluster-tilted algebras of canonical type. This complements Ringel's classification [28] . Theorem 1.3 (see Theorem 3.8). The complete list of all basic selfinjective clustertilted algebras of canonical type is given by the Jacobian algebras of the quivers with potential in Figures 1.6 , 1.7 and 1.8. In this case, the corresponding weighted projective line has tubular type (2, 2, 2, 2; λ), (2, 4, 4) or (2, 3, 6) .
The algebras listed in Theorem 1.3 already appeared in related contexts: Figure  1 .6 is precisely the exchange graph of endomorphism algebras of cluster-tilting objects the cluster category associated to a weighted projective line of type (2, 2, 2, 2; λ), see [4] . In addition, Figures 1.7 and 1.8 appeared in [19, Figs. 3 and 2] respectively.
We conclude this section by fixing our conventions and notation. Throughout this article we work over an algebraically closed field K. If Λ is a finite dimensional K-algebra, we denote by mod Λ the category of finitely generated right Λ-modules. If Λ is a basic algebra, we denote its Gabriel quiver by Q Λ . More generally, if X is a basic object in a Krull-Schmidt K-linear category H, we denote by Q X the Gabriel quiver of the algebra End H (X). If H is an abelian category, we denote by D b (H) 2. Preliminaries 2.1. Coherent sheaves over a weighted projective line. We recall the construction of the category of coherent sheaves over a weighted projective line together with its basic properties. We follow the exposition of [24] . Choose a parameter sequence λ = (λ 1 , . . . , λ t ) of pairwise distinct points of P 1 K and a weight sequence p = (p 1 , . . . , p t ) of positive integers. Without loss of generality, we assume that t ≥ 3 and that for each i ∈ {1, . . . , t} we have p i ≥ 1. Moreover, we may also assume that λ 1 = ∞, λ 2 = 0 and λ 3 = 1. For convenience, we set p := lcm(p 1 , . . . , p t ). We call the triple X = (P 1 K , λ, p) a weighted projective line of weight type p. 2 , which is given by counter-clockwise rotation by 2π/3. The algebras that arise as endomorphism algebras of tilting sheaves in coh X are enclosed in a frame.
The category coh X of coherent sheaves over X is defined as follows. Consider the rank 1 abelian group L = L(p) with generators x 1 , . . . , x t , c subject to the relations 
Figure 1.6. The quivers with potential associated to the basic selfinjective cluster-tilted algebras of type p = (2, 2, 2, 2; λ). All cluster-tilted algebras are selfinjective since τ 2 = 1 X . Thick edges indicate mutation of quivers with potential along the orbits of the Nakayama permutation, which is trivial in this case. Note that λ = 0, 1, and that we may replace λ by 1 − λ,
without changing the isomorphism class of the associated Jacobian algebra.
The element c is called the canonical element of L. It follows that every x ∈ L can be written uniquely in the form
where m ∈ Z and 0 ≤ m i < p i for each i ∈ {1, . . . , t}. Hence L is an ordered group with positive cone t i=1 Nx i , and that for every x ∈ L we have either 0 ≤ x or x ≤ c + ω where
is the dualizing element of X.
Next, consider the L-graded algebra K[x 1 , . . . , x t ] where deg x i = x i for each i ∈ {1, . . . , t}. When t = 3, we write x = x 1 , y = x 2 , z = x 3 and relabel the generators of L accordingly. Let I = (f 3 , . . . , f t ) be the homogeneous ideal of K[x 1 , . . . , x t ] generated by all the canonical relations
The quivers with potential associated to the basic selfinjective cluster-tilted algebras of type p = (2, 4, 4). For each quiver, the potential is given by W = (clockwise cycles) − (counter-clockwise cycles). Thick edges indicate mutation of quivers with potential along the orbits of the Nakayama permutation, which is given by rotation by π. The quivers with potential associated to the basic selfinjective cluster-tilted algebras of type p = (2, 3, 6). For each quiver, the potential is given by W = (clockwise cycles) − (counter-clockwise cycles). Thick edges indicate mutation of quivers with potential along the orbits of the Nakayama permutation, which is given by counter-clockwise rotation by 2π/3.
Consequently, we obtain an L-graded algebra R = R(λ, p) := K[x 1 , . . . , x t ]/I. Note that the group L acts by degree shift on the category gr L R of finitely generated Lgraded R-modules. Namely, given an L-graded R-module M and x ∈ L we denote by M ( x) the R-module with grading M ( x) y := M x+ y .
Let gr L R be te category of finitely generated L-graded R-modules. Note that L acts on gr L R by degree shift: given x ∈ L and M ∈ gr L R, we define M ( x) ∈ gr L R to be the R-module with M with new grading M ( x) y := M x+ y . The category coh X is defined as the localization qgr L R of gr L R by its Serre subcategory gr 
We call τ the Auslander-Reiten translation of coh X. (c) Let coh 0 X be the full subcategory of coh X of sheaves of finite length (=torsion sheaves). Also, let vect X be the full subcategory of coh X of sheaves with no non-zero torsion subsheaves (=vector bundles). Then, each X ∈ coh X has a unique decomposition X = X + ⊕ X 0 where X + ∈ vect X and X 0 ∈ coh 0 X. (d) The simple objects in coh 0 X are parametrized by P 1 K as follows: For each λ ∈ P 1 K \ λ there exist a unique simple sheaf S λ called the ordinary simple concentrated at λ, and for each λ i ∈ λ there exist p i exceptional ( i.e. not ordinary) simple sheaves S λ,1 , . . . , S λ,pi defined by a short exact sequence
The category T (λ) of all sheaves which have a finite filtration by simple sheaves concentrated at λ form a standard tube.
The complexity of the classification of indecomposable sheaves coh X is controlled by its Euler characteristic
Weighted projective lines of Euler characteristic zero will turn out to be our main concern in this article. An easy calculation shows that χ(X) = 0 if and only if
if and only if the dualizing element ω has finite order p = lcm(p 1 , . . . , p t ) in L. In this case, we say that X has tubular type and it follows that τ acts periodically on each connected component of the Auslander-Reiten quiver of coh X. Let K 0 (X) be the Grothendieck group of coh X. There are two important linear forms rk and deg on K 0 (X). We refer the reader to [24, Sec. 2.2] for information on these numerical invariants. The rank rk : K 0 (X) → Z is characterized by the property rk(O( x)) = 1 for each x in L. The degree deg : K 0 (X) → Z is characterized by the property deg(O( x)) = δ( x) where δ : L → Z is the unique group homomorphism sending each x i to p/p i . Note that we have
x2 x2 x3 x3 x4 x4 
such that F T ∈ coh X has a simple sheaf as a direct summand.
Let X be a weighted projective line of tubular type and T a tilting sheaf in coh X. We say that T is in normal position if T 0 = 0, see Theorem 2.1(c) and Theorem 2.3.
The result below collects further properties of coh X which are needed to prove Theorem 3.5.
Theorem 2.4. [13, 24] Let X be a weighted projective line of weight type (p 1 , . . . , p t ) and T a tilting sheaf in normal position. Then, the following statements hold:
(a) Let q i be the number of indecomposable direct summands of T 0 in T (λ i ). Then, the perpendicular category
is equivalent to coh Y where Y is a weighted projective line of weight type (d) First, note that the group L acts freely on line bundles in coh X be degree shift. Moreover, this action preserves vect X and coh 0 X. Let x ∈ L be such that T ( x) ∼ = T . Since we have T 0 ( x) ∼ = T 0 , it follows that ( x) induces an action on T We have the following simple oveservation regarding τ 2 -stable rigid sheaves.
Lemma 2.5. Let X be a weighted projective line and X ∈ coh X be a τ 2 -stable rigid sheaf. Then, each indecomposable direct summand of X is an exceptional simple sheaf.
Proof. Firstly, by Theorem 2.1(g) there are no rigid sheaves in an exceptional tube of rank 1. Secondly, since X is a rigid τ 2 -stable sheaf, we have that The Auslander-Reiten translation of coh X extends to an autoequivalence
Moreover, the autoequivalence ν :
The following result is a particular case of [25, Thm. 3.1] . It allows us to compute the endomorphism algebra of a tilting sheaf in a given weighted projective line in terms of a weighted projective line of smaller weights.
Theorem 2.7. [25, Thm. 3.1] Let X be a weighted projective line of type (p 1 , . . . , p t ). Let T be a τ 2 -stable tilting sheaf in coh X, and suppose that the indecomposable direct summands of T 0 are exceptional simple sheaves at the points λ ii , . . . , λ i k ∈ λ. We make the identification coh Y ∼ = T ⊥ 0 , see Proposition 2.4(a). Finally, let E ∈ coh Y be the direct sum of all exceptional simple sheaves at the points λ i1 , . . . , λ i k . Then, there is an isomorphism of algebras
Proof. Let r : coh X → coh Y be the right adjoint of the inclusion coh Y ∼ = T ⊥ 0 . It is easy to see that r induces a bijection between the indecomposable direct summands of T 0 and the exceptional simple sheaves in coh Y at the points λ i1 , . . . , λ i k . Then the result follows immediately from the proof of [25, Thm. 3.1].
2.2.
Graded quivers with potential and their mutations. Quivers with potentials and their Jacobian algebras where introduced in [8] as a tool to prove several of the conjectures of [10] about cluster algebras in a rather general setting, see [9] . Their graded version was introduced in [2] in order to describe the effect of mutation of cluster tilting objects in generalized cluster categories at the level of the corresponding derived category.
Let Q = (Q 0 , Q 1 ) be a finite quiver without loops or 2-cycles and d : Q 1 → Z a map called a degree function on the set of arrows of Q. Then d induces a Zgrading on the complete path algebra kQ in an obvious way. We endow KQ with the J -adic topology where J is the radical of kQ. A potential xin Q is a formal linear combination of cyclic paths in Q; we are only interested in potentials which are homogeneous elements of kQ. For a cyclic path a 1 · · · a d in Q and a ∈ Q 1 , let
and extend it linearly and continuously to an arbitrary potential in Q. The maps ∂ a are called cyclic derivatives.
Definition 2.8. A graded quiver with potential is a triple (Q, W, d) where (Q, d)
is a Z-graded finite quiver without loops and 2-cycles and W is a homogeneous potential for Q. The graded Jacobian algebra of (Q, W, d) is the Z-graded algebra
where ∂(W ) is the closure in kQ of the ideal generated by the subset {∂ a (W ) | a ∈ Q 1 }.
For each vertex of Q there is a pair of well defined operations on the rightequivalence classes of graded quivers with potential called left and right mutations (see [8, Def. 4.2] for the definition of right-equivalence). Note that right equivalent quivers with potential have isomorphic Jacobian algebras.
Let (Q, W, d) be graded quiver with potential with W homogeneous of degree d(W ) and k ∈ Q 0 . The non-reduced left mutation at k of (Q, W, d) is the graded quiver with potentialμ 
The right mutation at k of (Q, W, d) is defined almost identically, just by replacing (d) and (e) above by
Finally, the following definition is very convenient for our purposes. Note that left and right mutation differ from each other at the level of the grading only.
2.3. 2-representation-finite algebras and 2-APR-tilting. Let Λ be a finite dimensional algebra of global dimension 2. Following [21, Def. 2.2], we say that Λ is 2-representation-finite if there exist a finite dimensional Λ-module M such that 
is the Nakayama functor of D b (mod Λ) play an important role in the theory of 2-representation-finite algebras. Moreover, they are related by a functorial isomorphism τ 2 ∼ = H 0 (ν 2 −). Note that τ 2 induces a bijection between indecomposable non-projective objects in add M and indecomposable non-injective objects in add M . Definition 2.10. [18, Def. 1.2] Let Λ be a 2-representation-finite algebra. We say that Λ is 2-homogeneous if each τ 2 -orbit of indecomposable objects in add M consists of precisely two objects. This is equivalent to ν −1 2 (Λ) being an injective Λ-module.
The class of 2-representation-finite algebras can be characterized in terms of the so-called 3-preprojective algebras.
Definition 2.11.
[23] Let Λ be a finite dimensional algebra of global dimension at most 2. The complete 3-preprojective algebra of Λ is the tensor algebra
We have the following characterization of 2-representation-finite algebras.
Proposition 2.12.
[19, Prop. 3.9] Let Λ be a finite dimensional algebra of global dimension at most 2. Then Λ is 2-representation-finite if and only if Π 3 (Λ) is a finite dimensional selfinjective algebra.
Following [23] , Π 3 (Λ) can be presented as a graded Jacobian algebra for some quiver with potential obtained from Λ. For this, let Q be the Gabriel quiver of Λ and let Λ ∼ = kQ/ r 1 , . . . r s where {r 1 , . . . , r s } is a minimal set of relations for Λ. Consider the extended quiver
i.e.Q is obtained from Q by adding an arrow in the opposite direction for each relation in Λ. We considerQ as a graded quiver where the arrows in Q 1 have degree zero and the arrows r * i have degree one. Then we can define a homogeneous potential W inQ of degree one by
Theorem 2.13. [23, Thm. 6.10] Let Λ be a finite dimensional algebra of global dimension at most 2. Then there is an isomorphism of graded algebras between Jac(Q, W, d) and Π 3 (Λ).
A useful tool to construct 2-representation-finite algebras which are derived equivalent to a given one is 2-APR-tilting, which is a higher analog of usual APRtilting. The notion of 2-APR-co-tilting is defined dually.
Definition 2.14. [21, Def. 3.14] Let Λ be a finite dimensional algebra of global dimension at most 2 and Λ = P ⊕ Q any direct summand decomposition of Λ such that (a) Hom Λ (Q, P ) = 0. (b) Ext i Λ (νQ, P ) = 0 for any 0 < i = 2. We call the complex T := (ν
the 2-APR-tilting complex associated with P .
In analogy with APR-tilting for hereditary algebras, 2-APR-tilting preserves 2-representation-finiteness. We can describe the effect of 2-APR-tilting using Theorem 2.13 as follows:
Theorem 2.16. [21, Sec. 3.3] Let Λ be a 2-representation-finite algebra and P an indecomposable projective Λ-module which corresponds to a sink k in the Gabriel quiver of Λ and let T be the associated 2-APR-tilting Λ-module. Also, let (Q, W, d) be the graded quiver with potential associated to Π 3 (Λ), see Theorem 2.13. Then there is an isomorphism of graded algebras 
2.4.
The cluster category of coh X. Cluster categories associated with hereditary algebras were introduced in [7] in order to categorify the combinatorics of acyclic cluster algebras. The cluster category of a weighted projective line was studied in [6] , [4] and [5] . For the point of view of this article, they arise as the categorical environment of 3-preprojective algebras of endomorphism algebras of tilting sheaves in coh X.
The cluster category associated with coh X is by definition the orbit category
Thus, the objects of C are bounded complexes of coherent sheaves over X and the morphism spaces are given by
with the obvious composition rule. Note that Hom C (X, Y ) has a natural Z-grading. It is known [6] that C is a Hom-finite, Krull-Schmidt, K-linear triangulated category with the 2-Calabi-Yau property: There is a natural isomorphism
for every X, Y in C. It follows from [6, Prop. 2.1] that coh X is a complete system of representatives of isomorphism classes in C and that we have a natural isomorphism
Recall that an object T in C is said to be rigid provided that Hom C (T, T [1]) = 0; more strongly, if we have that
then T is called a cluster-tilting object. Identifying isomorphism classes in coh X with those in C X , it follows that tilting (resp. rigid) sheaves in coh X are precisely cluster-tilting (resp. rigid) objects in C. Moreover, we have the following description of the endomorphism algebras of cluster-tilting objects in C.
Proposition 2.17. [1, Prop. 4.7] Let T be a tilting sheaf in coh X. Then there is an isomorphism of graded algebras between End C (T ) and Π 3 (End X (T )).
The category C has a cluster structure in the sense of [7] . Moreover, mutation of cluster-tilting objects is compatible with mutations of tilting sheaves and mutation of Jacobian algebras, see [14, Secs. 1, 2.5] for example.
Finally, we have the following characterization of cluster-tilting objects with selfinjective endomorphism algebra. 
Proofs of the main results
In this section we give the proofs of the main results of this article, see Theorems 3.6, 3.7 and 3.8.
Note that by the definition of the cluster category associated to X, we have a commutative diagram of functors
where the vertical arrows correspond to the canonical projection functor. The following characterization can be easily deduced from known results.
Proposition 3.1. Let T be a tilting complex in D b (coh X). Then, the following conditions are equivalent:
(a) The algebra End X (T ) is a 2-representation-finite algebra.
Moreover, if T ∈ coh X, then any of the three equivalent conditions above is equivalent to T being τ 2 -stable.
Proof. (a) is equivalent to (b). Let Λ := End X (T ). By Proposition 2.12, the algebra Λ is 2-representation-finite if and only if Π 3 (Λ) is a selfinjective finite dimensional algebra. Moreover, Proposition 2.17 yields an isomorphism between Π 3 (Λ) and End C (T ). The claim follows. The equivalence between (b) and (c) is shown in Proposition 2.18. Finally, let T ∈ coh X. We show that (c) is equivalent to T being τ 2 -stable. Note that, by the definition of C, the functors [1] : C → C and τ : C → C are naturally isomorphic. Hence, we have T [2] ∼ = τ 2 T as objects of C and, since isomorphism classes in C and coh X coincide, we have T [2] ∼ = τ 2 T in coh X. The claim follows.
In the case of τ 2 -stable tilting sheaves we obtain further restrictions on their endomorphism algebras. see Definition 2.10, we only need to show that if T is τ 2 -stable then Λ has global dimension at most 2. Indeed, for each i ≥ 3 we have
Thus Λ has global dimension at most 2 as required.
The following result is crucial in our approach, as it allows to pass from τ 2 -stable tilting complex to τ 2 -stable tilting sheaves using 2-APR-(co)tilting. Recall that the effect of 2-APR-(co)tilting on the endomorphism algebras of basic tilting complexes can be described using mutations of graded quivers with potential, see Theorem 2.16.
is a 2-representation-finite algebra. Then, there exists a τ 2 -stable tilting sheaf E ∈ coh X obtained by iterated 2-APR-tilting from T .
Proof. Since shifting does not change endomorphism algebras, we can assume that T is concentrated in degrees − , . . . , −1, 0. Since coh X is hereditary, we have
where each T i is a non-zero sheaf. We proceed by induction on . The case = 0 follows immediately from Proposition 3.1, so let > 0. We claim that the complex
is a 2-APR-tilting complex. Indeed, since there are no negative extensions between objects of coh X, we have
Moreover, using the identity ν = τ [1] , we obtain
Finally, since End D b (X) (T ) has global dimension 2 we have that
for all j ≥ 3. This shows that T is a 2-APR tilting complex and, by Theorem 2.15, we have that End D b (X) (T ) is a 2-representation-finite algebra. Hence, by the induction hypothesis, by iterated 2-APR-tilting we can construct a τ 2 -stable tilting sheaf E from T .
Next, we determine which weighted projective lines can have τ 2 -stable tilting sheaves.
Proposition 3.4. Let T ∈ coh X be a τ 2 -stable tilting sheaf. Then X has tubular weight type (2, 2, 2, 2), (2, 4, 4) or (2, 3, 6 ).
Proof. Since there are no tilting sheaves of finite length, we have slope(T ) ∈ Q. Moreover, as we have τ 2 T ∼ = T , it follows from Proposition 2.2 that δ( ω) = 0. Then, using equation (1), we have that χ(X) = 0 hence X has tubular type.
We recall if X has tubular type, then the full subcategory of coh X given of all sheaves of a fixed slope is equivalent to the category coh 0 X of torsion sheaves over X [24, Thm. 3.10] . Assume now that X is an indecomposable summand of T which belongs to a tube of odd period 2a + 1, so we have X ∼ = τ (τ 2a X). By hypothesis, τ 2a X is a direct summand of T . Hence, by Serre duality we have
a contradiction. Hence every indecomposable summand of T belongs to a tube of even period. This rules out weight type (3, 3, 3) . Therefore must have tubular weight type (2, 2, 2, 2), (2, 4, 4) or (2, 3, 6) .
The following result gives a classification of the endomorphism algebras of basic τ 2 -stable tilting sheaves in coh X.
Theorem 3.5. Let T be a basic τ 2 -stable tilting sheaf in coh X. Then End X (T ) is isomorphic to one of the algebras indicated in Figures 1.1, 3 .1 or 3.2.
Proof. First, suppose that X has type (2, 2, 2, 2; λ). Since τ 2 is the identity in coh X, all tilting sheaves are τ 2 -stable in this case. Their endomorphism algebras are known, see Skowroński [29, Ex. 3.3 ] (see also Figure 1.1) .
For the other cases, weight types (2, 4, 4) and (2, 3, 6), we rely on the following argument. Let T be a τ 2 -stable tilting sheaf in coh X. By Proposition 2.3, we can assume that T is in normal position. By Lemma 2.5 every indecomposable direct summand of T 0 is an exceptional simple sheaf. Also, the perpendicular category T 
where E is the direct sum of all regular simple modules in coh Y in the exceptional tubes concentrated in the λ i 's such that q i = 0 (note that here q i must be either zero or p i /2). It follows that End Y (E) is a semisimple algebra with q 1 + · · · + q t simple modules. Hence, to prove the theorem we only need to do the following:
(a) Take a vector bundle in T + ∈ coh Y whose endomorphism algebra admits a symmetry of order 2 for X of type (2, 4, 4) This process, although lengthy, is straightforward. We illustrate part of it for X of weight type (2, 4, 4) . The case were X has type (2, 3, 6) is completely analogous. The cases we need to deal with are stated in Table 3 or the canonical algebra of type (2, 2, 2), see Happel-Vossieck's list [17] . The only quivers which admit an action of order 2 which does not fixes any line bundle summand of T + are the ones highlighted in algebras C op 1 , C 5 and C 6 in Figure 3 .1, corresponding to symmetric orientations of the Dynkin diagram above. Y(2, 2, 4) We have ∆ =D 6 . In this case (and only in this case), there are algebras in Happel-Vossieck's list which have an action of order p/2 which do not extend to a 2-representation-finite algebra. One way to rule out these algebras before doing any computation is to determine the action induced by τ 2 on the Auslander-Reiten quiver of vect Y, which has shape ZD 6 , see Theorem 2.4(b) and [24, Table 1 ]. We prove below that this action is given by rotation along the horizontal axis of vect Y, corresponding to the action given by degree shift by y+2 ω Y ∈ L(2, 2, 4). Taking this into account, according to [17] the possible endomorphism algebras of preprojective tilting H-modules are given in Figure 3 • O( x + 3 ω) Finally, let us prove that the action induced by τ 2 on vect Y is indeed given by rotation along the horizontal axis. This also serves as an example of the method to compute End X (T ) using Theorem 2.7.
Let X be a weighted projective line of tubular type (2, 4, 4) . Let X be an exceptional simple sheaf concentrated at λ 2 and set T 0 := X ⊕ τ 2 X. We write L(2, 2, 4) = x, y, z, c | 2 x = 2 y = 4 z = c and ω = ω Y . Also, we put R := R(2, 2, 4) Let T + ∈ vect Y be the tilting bundle indicated in Figure 3 .4 and E = S ⊕ S be the direct sum of the two exceptional simple sheaves in coh Y concentrated at the point λ 2 . Put T := T + ⊕ T 0 . By Theorem 2.7 we have an isomorphism of K-algebras
We need to compute End Y (T + , E). For this, recall from Theorem 2.1(d) that we have short exact sequences Proof. Let T be a basic τ 2 -stable tilting sheaf in coh X and set Λ = End X (T ). It follows from Theorem 3.5 that Λ is isomorphic to one of the algebras in Figures 1.1,  3.1 or 3.2 . Then, by Proposition 2.17 there exist an isomorphism End C (T ) ∼ = Π 3 (Λ). By Theorem 2.13, we have that Π 3 (Λ) is isomorphic to the Jacobian algebra to one of the quivers with potential in Figures 1.6, 1.7 or 1.8 .
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